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1 Norm, Trace, Characters, and Hilbert’s Theorem 90

1.1 Norm and trace

Definition 1.1. Let E/F be a finite extension. For α ∈ E, let mα : E → E be x 7→ xα.
The trace trE/F : E → F and norm NE/F : E → F send α 7→ tr(mα) and α 7→ det(mα),
where we view mα ∈ EndF (E) as a matrix.

Remark 1.1. mα+λβ = mα+λmβ, so the trace is a linear map. The norm is multiplicative
because mαβ = mα ◦mβ.

Proposition 1.1. Let E/F be finite with x ∈ E. Then

NE/F (x) =
∏

σ∈EmbF (F (x))

σ(x)N =
∏

σ∈EmbF (E)

σ(x)[E:F ]i ,

trE/F (x) = N
∑

σ∈EmbF (F (x))

σ(x) =

 ∑
σ∈EmbF (E)

σ(x)

 [E : F ]i,

where N = [F (x) : F ]i[E : F (x)] = [F (x) : F ]i[E : F (x)]i[E : F (x)]s

Proof. In each case, the second equality follows from

N = [F (x) : F ]i[E : F (x)]

= [F (x) : F ]i[E : F (x)]i[E : F (x)]s

= [E : F ]i[E : F (x)]s.

Case 1: E = F (x): Let n = [F (x) : F ], let fx(t) =
∑n

i=0 a − iti be the minimal
polynomial of x over F . We can write fx(t) =

∏
σ∈EmbF (F (x))(t − σ(x))[F (x):F ]i . Let β
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be the basis {1, x, . . . , xn−1 of F (x). We want to show that fx(t) is the characteristic
polynomial of mx. The matrix of mx is

[mx]β =



0 0 · · · 0 −a0
1 −a1

1
...

. . . −an−2
1 −an−1

 .

Then the characteristic polynomial of mx is
∑n

i=0 ait
i. So

tr(E/F (x) = tr(mx) = −an−1 = [F (x) : F ]i
∑

σσ∈EmbF (F (x))(x)

NE/F (x) = det(mx) = (−1)na0 =
∏

σ∈inEmbF (F (x))

σ(x)[F (x),F ]i

For the general case, let {y−1, . . . , yk} be an F (x)-basis for E. Then E =
⊕k

i=1 F (x)yi.
is a decomposition into mx-invariant subspaces (k = [E : F (x)]). So β = {xiyj} is a basis
for E/F , and

[mx]β =


mx

mx

. . .

mx


is block diagonal with blocks of the type of the previous case. So

tr(mx) = [E : F (x)][F (x) : F ]i
∑

σσ∈EmbF (F (x))(x)

det(mx) =
∏

σ∈EmbF (F (x))

σ(x)[E:F (x)][F (x):F ]i .

Corollary 1.1. Let E/K/F be finite. Then

NK/F = NE/F ◦NK/E ,

trK/F = trE/F ◦ trK/E .

Proof. Let x ∈ K. Then

NE/F (NK/E) =
∏

σ∈EmbF (E)

σ

 ∏
τ∈EmbE(K)

τ(x)
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Any ϕ : K → F can be written as σ̂ ◦ τ for some unique |sigma ∈ EmbF (E) and τ ∈
EmbE(K).

K F

E

F

ϕ

σ

Then τ = ϕ ◦ σ̂−1 fixes E. So

NE/F (NK/E) =
∏
σ

∏
τ

σ̂τ(x) =
∏

ϕ∈EmbF (K)

ϕ(x).

1.2 Characters and Hilbert’s theorem 90

Theorem 1.1 (Hilbert’s theorem 90). Let E/F be finite, Galois with cyclic Galois group
G = 〈σ〉. Then

ker(NE/F ) = {σ(x)/x : x ∈ E×},
ker(trE/F ) = {σ(x)− x : x ∈ E}.

The ⊇ containments require no conditions, so we need to prove the other containments.
To prove this, we need a bit of character theory.

Definition 1.2. Let G be a group, and let E be a field. A character on G with values
in E is a group homomorphism χ : G→ E×.

The set of all characters charF (G) ⊆ Fun(G.E) is subset of an E-vector space.

Lemma 1.1. charE(G) is linearly independent.

Proof. Let {χ1, . . . , χm} be a minimal linearly dependent set. Let
∑∞

i=1 aiχi = 0 with all
ai 6= 0. Choose h ∈ G such that χ1(h) 6= χm(h). Let bi = ai(χi(h) − χm(h)) ∈ E; then
b1 6= 0 and bm = 0 (by definition). Now for g ∈ G,

m−1∑
i=1

biχi(g) =

m−1∑
i=1

a− iχi(h)χi(g)− aiχm(j)χi(g)

=
m−1∑
i=1

aiχi(hg)− χm(h)
m−1∑
i=1

aiχi(g)

= −amχm(hg)− χm(h)(−amχm(g))

= −amχm(hg) + a−mχm(hg)

= 0.

This contradicts the minimality of {χ1, . . . , χm}.
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We can now prove Hilbert’s theorem 90.

Proof. We want to show that ker(NE/F ) = {σ(x)/x : x ∈ E×}. Take x ∈ ker(NE/F ). Then

χx =
n−1∑
i=0

i−1∏
j=0

σj(x)

σi

is a character. Then

χx(y) = y + xσ(y) + xσ(x)σ2(y) + · · ·+ xσ(x)σ2(x) · · ·σn−2(x)σn−1(y).

The idea is we want to find a fixed point of applying σ and multiplying by x. This is
because if y 6= 0,

x =
σ(y)

y
⇐⇒ x =

y

σ(y)
⇐⇒ σ(y)x = y.

For all y ∈ E, we have that xσ(χx(y)) = χx(y). If χx(y) 6= 0, we are done because
x = χx(y)/σ(χx(y)). So χx is a nonzero linear combination of distinct characters and is
hence nonzero by the lemma. Thus, there exists y ∈ E× such that χx(y) 6= 0.

We will do the trace next time.
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